Abstract The interaction of solitary waves with multiple, in-line vertical cylinders is investigated. The fixed cylinders are of constant circular crosssection and extend from the sea floor to the free surface. In general, there are N of them lined in a row parallel to the incoming wave direction. Both the nonlinear, generalized Boussinesq and the Green-Naghdi shallow-water wave equations are used. A boundary-fitted curvilinear coordinate system is employed to facilitate the use of the finite-difference method on curved boundaries. The governing equations and boundary conditions are transformed from the physical plane onto the computational plane. These equations are then solved in time on the computational plane that contains a uniform grid and by use of the successive over relaxation method and a second-order finite-difference method to determine the horizontal force and overturning moment on the cylinders. Resulting solitary wave forces from the nonlinear Green-Naghdi and the Boussinesq equations are presented, and the forces are compared with the experimental data when available.
We consider here the interaction of solitary waves with fixed, multiple in- from the seafloor to the free surface, and the still-water depth is held constant.
10
Different shallow-water wave equations can produce different solitary waves,
11
and may describe the flow field differently, and thereby can lead to different 12 wave loads. Both the generalized Boussinesq (gB) (Wu (1981) ) and the Naghdi (GN) (Green and Naghdi (1977) ) Level I equations are used to solve 14 numerically the initial-boundary-value problem to obtain the horizontal forces 15 and overturning moments on multiple cylinders in shallow water.
16
The linearized potential problem of wave diffraction by a single vertical cylindrical object (island) was first solved by Omer and Hall (1949) .
21
Only few investigations of nonlinear effects in the time domain exist com- 
The Green-Naghdi (GN) Equations

99
The GN equations use the assumption that the fluid is incompressible and 100 homogeneous. In this study, the fluid is assumed inviscid, although this is not a requirement for the GN equations in general, see Green and Naghdi (1984) .
102
The derivation of the equations does not require the flow to be irrotational, equations given by Ertekin (1984) :
where h is the constant water depth, g is the gravitational acceleration, ζ is 119 the free surface elevation measured from the still-water level, and ∇ is the 120 gradient vector operator, ∇ = (∂/∂x)e 1 + (∂/∂y)e 2 , and V = ue 1 + ve 2 is 121 the particle velocity vector on the horizontal plane as these are assumed to 122 not depend on the vertical z coordinate in the Level I GN equations. In higher 123 level GN equations, however, they would depend on the z coordinate, see e.g.,
124
Shields respectively.
133
The following dimensionless variables are used in this study by selecting
134
(ρ, g, h) as a dimensionally independent set:
where the bars represent the dimensionless quantities, and ρ is the mass den-136 sity, F is the horizontal force on the cylinder, M is the overturning moment 137 with respect to the sea floor, P is the pressure, and R is the cylinder radius.
138
Any quantity whose dimension is length is scaled by h and any quantity which 139 has the dimension of velocity is scaled by √ gh. The same nondimensionaliza-140 tion is used for the gB equations and the linear equations and the bars over the 141 physical quantities will be dropped for convenience unless otherwise stated.
142
A close look at Eqs. (2) and (3) shows that they involve the second order elevation, ζ, is again removed from its second material derivative to obtain 
The generalized Boussinesq (gB) Equations
162
We use the generalized Boussinesq equations based in the form derived by Wu 
where φ is the layer-mean velocity potential. These equations assume an in- 
where ∆ is the 2-D Laplacian on the horizontal plane. Clearly, this set of 
where Ω may be ζ(x, t) or u(x, t) at the downwave boundary.
219
It is noted that after the solitary wave has completely entered into the 220 computational domain through the upwave boundary, the upwave boundary 
244
The dimensional solitary-wave solution of the GN equations is given by
where
and A is the amplitude of the solitary wave measured from the still-water level 247 and is given by
where c is the speed (critical or supercritical, or the depth Froude num-249 ber F r = U/ √ gh ≥ 1) of the wave, h is the constant water depth and and vertical velocities as
Since the solitary wave in theory has an infinite length, it is not necessary 256 to modulate it as long as it is located well to the left of the upwave boundary 
where F r = c/ √ gh is the depth Froude number and c is the dimensional wave 267 celerity as before. The wave profile then is determined iteratively from Eq. are given by
respectively.
279
The total wave force on the cylinder is obtained by numerically integrating and indeed it is very small, as we will discuss later in this section.
293
The depth-varying pressure reads
Therefore, to determine the equation for the overturning moment with 295 respect to the sea floor, Eq. (21) is multiplied by the moment arm, and then 296 integrated over the depth:
The moment acting on the cylinder can then be determined numerically by 
302
To determine the error of using Eq. (21) in approximating the pressure 303 distribution in the z direction, we integrate P (x, y, z, t) of Eq. (21) over the 304 water depth:
The percent error, ǫ, made by the assumption of linearly-varying total pres- 
Although Eq. (24) determines the error produced by the integrated pressure,
310
it also is a reasonable estimate of the error produced by the moment equation 
gB Equations
315
Unlike the GN equations, the pressure as a function of depth is provided by the 316 gB equations in terms of the layer-mean potential, see Wu (1981) . However,
317
we write the gB pressure equation in dimensionless velocity form:
To facilitate the determination of the force, we integrate Eq. (25) over the 319 water column and obtain 
Finally, the integrated pressure and moment, P I and M I , are numerically 
340
The use of elliptical grid generation technique has been described exten- 
However, since x 0 is outside of the boundary, f (x 0 ) is undefined. A fictitious 357 value for f (x 0 ) is found through a parabolic approximation: f 0 = 3f 1 −3f 2 +f 3 .
358
By combining this equation with Eq.(28), a new equation is produced for the 359 first derivative along the boundary:
This method can be used to produce equations for all the derivatives along the 361 boundaries, see Roddier (1994) ; Roddier and Ertekin (1999) for more details.
362
We use the time marching technique known as the modified Euler method, 363 see e.g., Burden and Faires (1985) . This two-step method has second-order however, the initial guess is extrapolated from the last two time steps using was developed by Shapiro (1975) and proved adequate to ensure stability.
388
This includes the use of a third-order filtering in the direction normal to the 389 prevailing wave crests, the ξ direction, and a second-order filtering parallel 390 to the wave crests, the η direction. This does not modify the shape of the 391 incoming waves. The filtering formulas that we use are given by
where f is a generic variable that can represent ζ, u or v. 
Conservation of Mass
395
To monitor the accuracy of the numerical solutions, the change in the mass 396 due to numerical errors is determined following the approach used by Qian
397
(1994); Roddier (1994) . Conservation of mass is satisfied exactly for both the 
405
The total excess mass inside the physical domain (M ), at a specific time,
406
is determined by numerically integrating over the water column and over the 407 surface area of the physical domain:
The mass flow through the open boundaries is determined by integrating 409 over these boundaries:
410 m a n u s c r i p t
N o t c o p y e d i t e d b y t h e j o u r n a l
Solitary Wave Diffraction by Vertical Cylinders 17
where, dm US is the mass flow through the upstream boundary, and dm DS is 411 the mass flow through the downstream boundary. These boundaries are normal 412 to the y-axis, therefore, the dot product of the velocity vector (v) and the unit 413 normal (n) is simply the horizontal velocity in the x-direction (u). Therefore,
414
Eqs. (32) and (33) are simplified to
These equations must also be integrated over time to determine the total 416 loss or gain of mass across these boundaries.
where both the temporal and spacial integrations are performed numerically 418 using Simpsons rule.
419
The total change in mass (dM e ) which is a result of numerical errors is 420 found through the following relationship:
where M 0 is the initial total mass which is equal to ρV D , where V D is the 422 volume of the quiescent body of fluid. The percent change in mass due to 423 numerical errors can then be calculated through
The percent change in mass, as a function of time, is determined for each 425 case. Some sample values for M E for both the Green-Naghdi and the Boussi-m a n u s c r i p t 
N o t c o p y e d i t e d b y t h e j o u r n a l
Green-Naghdi Moment Error
442
As discussed in Section 2.4, to determine the moment resulting from the Green- 
469
The domain used includes a 20h distance from the upwave boundary to 
503
The laboratory experiments are conducted in a very small scale, and in Wang and Jiang (1994) who used the gB equations to study this configuration.
544
Various spacings are used between the cylinders. In this section, the spacings 
558
In general, the GN equations predict less shielding than the gB equations.
559
Shielding is the reduction in force and moment on the downwave cylinder smaller than that of the single cylinder case because of the presence of the 578 first cylinder; the second cylinder is effectively shielded by the first cylinder.
579
In general, smaller distances between the cylinders leads to greater shield-580 ing and more force and moment reduction on the second cylinder as expected.
581
A notable exception to this rule is the spacings of 0.0D and 0.25D used in 
Further Discussion on Solitary Wave Forces
624
The maximum forces resulting from solitary waves for the one, two and the 
